We describe a scheme to coherently convert a microwave photon of a superconducting co-planar waveguide resonator to an optical photon emitted into a well-defined temporal and spatial mode. The conversion is realized by a cold atomic ensemble trapped above the surface of the superconducting atom chip, near the antinode of the microwave cavity. The microwave photon couples to a strong Rydberg transition of the atoms that are also driven by a pair of laser fields with appropriate frequencies and wavevectors for an efficient wave-mixing process. With only few thousand atoms in an ensemble of moderate density, the microwave photon can be completely converted into an optical photon emitted with high probability into the phase matched direction and, e.g., fed into a fiber waveguide. This scheme operates in a free-space configuration, without requiring strong coupling of the atoms to a resonant optical cavity.
I. INTRODUCTION
Superconducting quantum circuits, which operate in the microwave frequency range, are promising systems for quantum information processing [1, 2] , as attested by the immense recent interest of academia and industry (e.g. Google, Microsoft, Intel, IBM, D-Wave Systems Inc., Rigetti Computing, Quantum Circuits Inc.). On the other hand, photons in the optical and telecommunication frequency range are the best and fastest carriers of quantum information over long distances [3, 4] . Hence there is an urgent need for efficient, coherent and reversible conversion between microwave and optical signals at the single quantum level [5] . Here we describe such a scheme, which is compatible with both superconducting quantum information processing and optical quantum communication technologies.
Previous work on the microwave to optical conversion includes studies of optically active dopants in solids [6, 7] , as well as electro-optical [8] and opto-mechanical [9] systems. Cold atomic systems, however, have unique advantages over the other approaches. Atomic (spin) ensembles can couple to superconducting microwave resonators to realize quantum memory in the long-lived hyperfine manifold of levels [10, 11] . Using stimulated Raman techniques [12, 13] , such spin-wave excitations stored in the hyperfine transition can be reversibly converted into optical photons. Here we propose and analyze an efficient wave-mixing scheme for microwave to optical conversion on a superconducting atom chip. Our scheme employs a Rydberg transition between the atomic states that strongly couple to a microwave coplanar waveguide resonator [14] [15] [16] [17] . The resonator can also contain superconducting qubits, and hence our scheme can serve to interface them with optical photons.
We note a related work [18] on microwave to optical conversion using free-space six-wave mixing involving Rydberg states. The achieved photon conversion efficiency was, however, low, as only a small portion of the freespace microwave field can interact with the active atomic medium. A microwave to optical conversion scheme using a single (Cs) atom that interacts with a superconducting microwave resonator on the Rydberg transition and with an optical cavity on an optical transition was discussed in [19] . The advantage of the single atom approach is that it requires moderate laser power for atom trapping and leads to less light scattering and perturbation of the superconducting resonator. It relies, however, on the technically demanding strong coupling of the single atom to both microwave and optical cavities. In contrast, our present approach uses a large ensemble of atoms with collectively enhanced coupling to the microwave cavity and it leads to a coherent, directional emission of the optical photon even without an optical cavity.
II. THE SYSTEM
Consider the system shown schematically in Fig. 1 . An integrated superconducting atom chip incorporates a microwave resonator, possibly containing superconducting qubits, and wires for magnetic trapping of the atoms. An ensemble of N ≫ 1 cold atoms is trapped near the chip surface, close to the antinode of the microwave cavity field. The relevant states of the atoms are the ground state |g , a lower electronically excited state |e and a pair of highly-excited Rydberg states |i and |s (see the inset of Fig. 1) . A laser field of frequency ω p couples the ground state |g to the Rydberg state |i with time-dependent Rabi frequency Ω p and large detuning ∆ p ≡ ω p − ω ig ≫ |Ω p |. The atoms interact non-resonantly with the microwave cavity modeĉ on the strong dipole-allowed transition between the Rydberg states |i and |s . The corresponding coupling strength (vacuum Rabi frequency) η = (℘ si /h)ε c u(r) is proportional to the dipole moment ℘ si of the atomic transition, the field per photon ε c in the cavity, and the cavity mode function u(r) at the atomic position r. The Rydberg With large one-photon detunings |∆p,c| ≫ |Ωp|, η, the two-photon transition |g → |s to the Rydberg state |s is detuned by δs = ∆p + ∆c. A strong laser field Ω d drives the transition from |s to the electronically excited state |e that rapidly decays with rate Γe > Ω d to the ground state |g and emits a photon E predominantly into the phase-matched direction determined by the wave vector
transition is detuned from the cavity mode resonance by ∆ c ≡ ω c − ω si , |∆ c | ≫ η. A strong driving field of frequency ω d acts on the transition from the Rydberg state |s to the lower excited state |e with Rabi frequency Ω d and detuning ∆ d = ω d − ω se . The transition from excited state |e to the ground state |g is coupled with strengths g k,σ to the free-space quantized radiation field modesâ k,σ characterized by the wave vectors k, polarization σ and frequencies ω k = ck.
In the frame rotating with the frequencies of all the fields, ω p , ω c , ω d , and ω k , dropping for simplicity the polarization index, the Hamiltonian for the system reads
where index j enumerates the atoms at positions r j , σ
µν ≡ |µ j ν| are the atomic projection (µ = ν) or transition (µ = ν) operators, k p and k d are the wave vectors of the corresponding laser fields, δ
sg is the two-photon detuning of level |s , and δ e ≡ δ (j)
is the threephoton detuning of |e . The energies of the Rydberg levels |i , |s , and thereby the corresponding detunings ∆ (j) p,c and δ
s , depend on the atomic distance (x 0 − x j ) from the chip surface at x 0 , which may contain atomic adsorbates producing an inhomogeneous electric field [20, 21] . We neglect the level shift of the lower state |e , since it is typically less sensitive to the electric fields and has a large width Γ e (see below).
We assume that initially all the atoms are prepared in the ground state, |G ≡ |g 1 , g 2 , . . . , g N , the microwave cavity contains a single photon, |1 c , and all the free-space optical modes are empty, |0 . We can expand the state vector of the combined system as
. . , µ j , . . . , g N denote the single excitation states, µ = i, s, e, and |1 k ≡â † k |0 denotes the state of the radiation field with one photon in mode k. The evolution of the state vector is governed by the Schrödinger equation
h H |Ψ with the Hamiltonian (1), which leads to the system of coupled equations for the slowly-varying in space atomic amplitudes,
while the equation for the optical photon amplitudes written in the integral form is
We substitute Eq. (3) into the equation for atomic amplitudes b j , assuming they vary slowly in time, and obtain the usual spontaneous decay of the atomic state |e with rate Γ e and the Lamb shift that can be incorporated into ω eg [22] . We neglect the field-mediated interactions (multiple scattering) between the atoms [23] [24] [25] , assuming random atomic positions and sufficiently large mean interatomic distancer ij > ∼ λ/2π. To avoid the atomic excitation in the absence of a microwave photon in the cavity, we assume that the intermediate Rydberg level |i is strongly detuned, ∆
s | for all atoms in the ensemble. In addition, we assume that the variation of ∆
c ) across the atomic cloud is small compared to its mean value ∆ (−∆), which presumes small enough Rydberg levels shifts in the inhomogeneous electric field. We can then adiabatically eliminate the intermediate Rydberg level |i , obtaining finally
2∆ is the second-order coupling between |g j ⊗ |1 c and |s j ⊗ |0 c , while the secondorder level shifts of |g j and |s j are incorporated into the
∆ . We have also included the typically slow decay Γ s of state |s corresponding to the loss of Rydberg atoms [16, 26] .
Before presenting the results of numerical simulations, we can derive an approximate analytic solution of the above equations and discuss its implications. We take a time-dependent pump field Ω p (t) (and therebyη j (t)) and a constant driving field Ω d < Γ e /2, which results in an effective broadening of the Rydberg state |s by γ =
Γe/2 . Assuming γ ≫ Γ s /2,δ e , we then obtain
Substituting these into Eq. (3) and separating the temporal and spatial dependence, we obtain
where
. Equation (7a) shows that for a sufficiently smooth envelope of the pump field Ω p (t), the optical photon is emitted within a narrow bandwidth β|Ω p | 2 around frequency ω k = ω eg , which is a manifestation of the energy conservation. The temporal profile of the photon field at this frequency is ǫ(t) = ∂ t A k0 (t) = Ω p (t)e
2 , where k 0 = ω eg /c. The envelope of the emitted radiation can be tailored to the desired profile ǫ(t) by shaping the pump pulse according to Ω p (t) = ǫ(t) 1 − [27] , which can facilitate the photon transmission and its coherent re-absorption in a reverse process at a distant location [28] [29] [30] . Neglecting the photon dispersion during the propagation from the sending to the receiving node, and assuming the same or similar physical setup at the receiving node containing an atomic ensemble driven by a constant field Ω d , the complete conversion of the incoming optical photon to the cavity microwave photon is achieved by using the receiving laser pulse of the shape Ω p (t) = −ǫ(t) 2β
The spatial profile of the emitted radiation in Eq. (7b) is determined by the geometry of the atomic cloud, the excitation amplitudes of the atoms at different positions, and the phase matching. We assume an atomic cloud with normal density distribution ρ(r) = ρ 0 e −x 2 /2σ
2 z in an elongated harmonic trap, σ z > σ x,y . To maximize the resonant emission at frequency ω k0 = c|k p −k d | = ω eg into the phase matched direction k = k p − k d , we assume the (nearly) collinear geometry k p , k d e z . In an ideal case of all the atoms having the same excitation amplitude b j ∝ 1/ √ N ∀ j, and hence B k ∝ d 3 rρ(r)e i(kp−k d −k)·r , the photon would be emitted predominantly into an (elliptic) Gaussian mode E(r) ∝ |k|=k0 B k e ik·r with the waists w 0x,0y = 2σ x,y , namely
where w x,y = w 0x,0y 1 + . The corresponding angular spread (divergence) of the beam is ∆θ x,y = λ0 πw0x,0y = 1 k0σx,y , which spans the solid angle ∆Ω = π∆θ x ∆θ y . The probability of the phase-matched, cooperative photon emission into this solid angle is P ∆Ω ≃ νN ∆Ω, while the probability of spontaneous, uncorrelated photon emission into a random direction is P 4π ≃ ν4π. With P ∆Ω + P 4π = 1, we obtain P ∆Ω = N ∆Ω N ∆Ω+4π which approaches unity for N ∆Ω ≫ 4π or N ≫ 4k 2 0 σ x σ y [31] . Hence, for the product N ∆Ω, and thereby P ∆Ω , to be large, we should take an elongated atomic cloud with large σ z (to have many atoms N at a given atom density) and small σ x , σ y (to have large solid angle ∆Ω).
In our case, however, not all the atoms participate equally in the photon emission, since the atomic am-
depend strongly on the distance (x 0 − x j ) from the chip surface via both the atom-cavity coupling strength η(r j ) ≃ η 0 e −(x0−xj)/D , and, more sensitively, the Rydberg state detuningδ
s ≃ αx j (see below). This detuning results in a phase gradient for the atomic amplitudes in the x direction, which will lead to a small inclination of k with respect to k p − k d in the x − z plane. More importantly, for strongly varying detuning, α > 2γ/σ x , only the atoms within a finite-width layer ∆x < σ x are significantly excited to contribute to the photon emission. This reduces the cooperativity via N → ξN with the effective participation fraction ξ ≃ ∆x σx < 1, but also leads to larger divergence ∆θ x ≃ 1 k0∆x in the x − z plane.
III. RESULTS
We have verified these arguments via exact numerical simulations of the dynamics of the system. We place N ground state |g j atoms in an elongated volume at random positions r j normally distributed around the origin, x, y, z = 0, with standard deviations σ z ≫ σ x,y . With the peak density ρ 0 = 2.35 µm −3 and σ x,y = 4 µm, σ z = 24 µm, we have N = 15000 atoms in the trap interacting with the co-planar waveguide resonator at position x 0 ≃ 40 µm (see Fig. 1 of duration t end ≃ 10 µs with t 0 = t end /3, σ t = t end /8 and the peak value Ω 0 /2π ≃ 200 kHz (see Fig. 2(a) ). The wavelength of the pump field is λ p ≃ 297 nm corresponding to a singlephoton transition from |g = 5S 1/2 to |i ; alternatively, a three-photon transition via intermediate 5P 1/2 and 6S 1/2 states is possible. The two-photon detuningδ s of the Rydberg level |s is taken to be zero at the cloud center r = 0 and it varies with the atomic position along the x axis asδ s (x) = αx with α = 2π × 0.5 MHz µm −1 due to the residual or uncompensated surface charges on the atom chip [32, 33] . The strong laser field with wavelength λ d = 480 nm is driving the transition from the Rydberg state |s to |e = 5P 3/2 with a constant Rabi frequency Ω d /2π = 1 MHz. The decay rates of states |s and |e are Γ s /2π = 1.6 kHz and Γ e /2π = 6.1 MHz.
In Fig. 2 we show the results of our numerical simulations of the dynamics of the system and compare them with the analytical solutions. In the inset of Fig. 2(b) we show the time dependence of the total population p e (t) = N j=1 |b j (t)| 2 of the atoms in the excited state |e . As atoms decay from state |e to the ground state |g , they emit a photon with rate Γ e |b j (t)| 2 . The spatial distribution of time-integrated photon emission probability (in any direction) P (r j ) = Γ e t end 0 |b j (t)| 2 dt is shown in Fig. 2(c) . This probability follows the Gaussian density profile of the atoms along the y and z directions, but in the x direction it is modified by an approximate Lorentzian factor
s (x) (if we neglect the x dependence of η(x)) due to the position-dependent detuning δ s (x). Only part of the radiation is coherently emitted into the phase-matched direction k = k p − k d , with probability |a k (t)| 2 of photon emission into the resonant ω k = ω eg mode shown in Fig. 2(b) . Note that for nonresonant modes ω k = ω eg with the rapidly oscillating phase factor e i(ω k −ωeg )t ′ in Eq. (3) or (7a), the photon amplitude a k (t) ∝ j b j (t) tends to zero at large times t end (as do b j (t)'s), even for the phase-matched direction
In Fig. 3 we show the angular probability distribution of the emitted photon. The beam divergence ∆θ x = 1 k0∆x ≃ 0.015π in the x − z plane is almost twice larger than that ∆θ y = 1 k0σy ≃ 0.008π in the y − z plane, consistent with the narrower spatial distribution ∆x ≃ 2.6 µm < σ x = 4 µm of the atomic excitation (or emission) probability P (r), as discussed above. In the collinear geometry, k p , k d ẑ, the radiation is emitted at a small angle θ x0 = k ẑ ≃ 0.014π due to the detuning induced phase gradient of the atomic amplitudes b j along x. With a small angle k d k p = 0.009π between the drive and the pump fields, the latter still propagating along z, we can compensate this phase gradient, resulting in the photon emission along z (θ x0 = 0). We may approximate the angular profile of the emitted radiation with a 
Gaussian function
We then see from Fig. 3 that in the y−z plane the angular profile corresponds to a Gaussian mode with θ y0 = 0, but in the x − z plane the angular profile deviates from the Gaussian, the more so for the case of the corrected emission angle θ x0 = 0. To fully collect this radiation, we thus need to engineer an elliptic lens with appropriate non-circular curvature along the x direction.
The total probability of radiation emitted into the free-space spatial mode E(r) subtending the solid angle ∆Ω = π∆θ x ∆θ y is P ∆Ω ≃ 0.74. This probability can be increased by optimizing the geometry of the sample, e.g., making it narrower and longer, as discussed above. Alternatively, we can enhance the collection efficiency of the coherently emitted radiation by surrounding the atoms by a moderate finesse, one-sided optical cavity. Assuming a resonant cavity with frequency ω k0 , mode function u o (r) and length L o , the overlap v =
o (r) determines the fraction of the radiation emitted by the atomic ensemble into the cavity mode, while the cavity finesse F determines the number of round trips of the radiation, n ≃ F/2π, and thereby the number of times it interacts with the atoms, before it escapes the cavity. The probability of coherent emission of radiation by N atoms into the cavity output mode is then P out ≃ |v| 2 nN |v| 2 nN +4π .
IV. CONCLUSIONS
We have proposed a scheme for coherent microwave to optical conversion of a photon of a superconducting resonator using an ensemble of atoms trapped on a superconducting atom chip. The converted optical photon with tailored temporal and spatial profiles can be fed into a waveguide and sent to a distant location, where the reverse process in a compatible physical setup can coherently convert it back into a microwave photon and, e.g., map it onto a superconducting qubit.
In our scheme, the atoms collectively interact with the microwave cavity via a strong, dipole-allowed Rydberg transition. We have considered the conversion of at most one microwave photon to an optical photon, for which the interatomic interactions and the resulting Rydberg excitation blockade [34, 35] do not play a role. In the case of multiple photons, however, the long-range interatomic interactions will induce strong non-linearities accompanied by the suppression of multiple Rydberg excitations within the blockade volume associated with each photon [36, 37] . This can potentially hinder the microwave photon conversion and optical photon collection due to distortion of the temporal and spatial profile of the emitted radiation. Our scheme, however, is primarily intended for communication between microwave operated quantum sub-registers and, as such, it should ideally deal with at most one microwave photon encoding a qubit state at a time. Yet, in the limit of a few photons interacting with many atoms in a volume much larger than the blockade volume, we expect the conversion to be well approximated as a linear process.
